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ANALYSIS OF BOUNDARY CONDITIONS FOR FACTORIZABLE DISCRETIZATIONS
OF THE EULER EQUATIONS

BORIS DISKIN* AND JAMES L. THOMAS'

Abstract. In this article, several sets of boundary conditions for factorizable schemes corresponding
to the steady-state compressible Euler equations are evaluated. The analyzed model is a one-dimensional
constant-coefficient problem. Numerical tests have been performed for a fully subsonic quasi-one-dimensional
flow in a convergent/divergent channel.

This paper focuses on the effect of boundary-condition equations on stability and accuracy of the discrete
solutions. Explicit correspondence between solutions and boundary conditions is established through a
boundary-condition-sensitivity (BCS) matrix. The following new findings are reported:

(1) Examples of stable discrete problems contradicting a wide-spread belief that employment of a one-
order-lower approximation schemes in an O(h)-small region does not affect the overall accuracy order
of the solution have been found and explained. Such counterexamples can only be constructed for
systems of differential equations. For scalar equations, the conventional wisdom is correct.

(2) A negative effect of overspecified (although, exact) boundary conditions on accuracy and stability
of the solution has been observed and explained.

(3) Sets of practical boundary conditions for factorizable schemes providing stable second-order accurate
solutions have been formulated. These schemes belong to a family of second-order schemes requiring

second-order accuracy for some numerical-closure boundary conditions.

Key words. compressible Euler equations, factorizable discretization scheme, practical boundary con-
ditions, I-stability, B-stability

Subject classification. Applied and Numerical Mathematics

1. Introduction. An efficiency goal for the new generation of multigrid flow solvers is to arrive at
solutions of the governing system of equations in a total computational work that is a small (less than 10)
multiple of the operation count in one target-grid residual evaluation. Such efficiency is defined as textbook
multigrid efficiency (TME) [4, 5]. TME has been achieved for elliptic problems long ago [1, 2, 3, 6]. The
difficulties associated with extending TME for solution of the Navier-Stokes equations relate to the fact that
the Navier-Stokes equations are a system of coupled nonlinear equations that is not fully elliptic, even for
subsonic Mach numbers, but contains hyperbolic partitions. TME for the Navier-Stokes simulations can be
achieved if different factors contributing to the system could be separated and treated optimally, e.g., by
multigrid for elliptic factors and by downstream marching for hyperbolic factors. An efficient way to separate
the factors is the distributed relazation approach proposed in [2, 3]. The general framework for achieving
TME in large-scale computational fluid dynamics (CFD) applications has been discussed in [8, 20].

Design of a distributed relaxation scheme for Navier-Stokes systems can be significantly simplified if the

target discretization possesses two properties:
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(1) The discretization of the corresponding principally linearized system L is factorizable [3, 4, 12, 16, 17],
i.e., the discrete system determinant can be represented as a product of discrete scalar factors, each
of them approximating a corresponding factor of the determinant of the differential Navier-Stokes
equations.

(2) The obtained scalar factor discretizations are stable, easily solvable, and reflect the physical anisotropies.

Some well-known discrete schemes are naturally factorizable, e.g., the staggered-grid discretization
scheme for incompressible flow dating back to the mid 60’s [13, 14, 15]. However, the majority of dis-
crete schemes in current use are not factorizable. Even for factorizable schemes, the discretizations obtained
for scalar factors of the determinant are not often stable or/and have wrong strong-anisotropy directions.
The search for new factorizable discretization schemes is chiefly motivated by the need to derive discrete
schemes with the resulting discretizations of scalar factors satisfying some desired properties (e.g., stability,
correct alignment with the physical anisotropies, compactness, availability of an efficient relaxation scheme,
etc.) Recently, two families of factorizable discretization schemes for the compressible Euler equations have
emerged [12, 16].

The original paper [12] has demonstrated TME in solving factorizable discretizations of the compressible
Euler equations with solution values at the boundary and, wherever necessary, outside of the target compu-
tational domain overspecified from the known exact solution of the differential problem. This formulation
is very attractive because it bypasses difficulties associated with boundary conditions and facilitates TME
demonstration. However, overspecified boundary conditions are impractical; usually, the boundary data are
not available outside of the computational domain and even at the boundaries the data are incomplete and /or
accurate only to some finite precision that might depend on the mesh. Multigrid considerations make the
overspecified boundary conditions even less viable: on coarse grids, specification of data located far beyond
the target computational domain is required. This paper studies more practical boundary conditions for the
factorizable discretization schemes introduced in [12].

In general, boundary conditions for a discrete problem may include two components: the physical bound-
ary conditions and the numerical-closure equations. The former are discrete approximations to the boundary
conditions of the target differential problem. The latter are special discrete approximations (different from
the interior approximations) to the differential equations usually defined within an O(h)-small boundary
neighborhood.

This paper focuses on the effect of boundary-condition equations on stability of the discrete solutions.
For steady-state discrete problems, there are two relevant types of stability: (A) stability of difference
approximations to differential operators and (B) stability of discrete solutions with respect to boundary data.
Because the first type of stability describes the properties of the interior approximations it is referenced in
this paper as I-stability; the second type of stability is referenced as B-stability.

For a discrete operator L approximating the differential constant-coefficient operator L, the property
of I-stability can be defined as follows: Let the symbols of the differential operator L[u] and the discrete
operator LP[u] be defined as L(a) = e~H{*®)L[e!(®®)] and L?(w) = e “WILP[!(W D] respectively, where
e = (z,y,2) is a coordinate vector, @ = (ag, oy, ;) are frequencies of a continuous Fourier component,
J = (ja,Jy, j-) are the grid indexes, and W = (wg,wy,w:),0 < |wa|, |wyl, |w:| < 7 are normalized Fourier
frequencies.

Definition of I-stability: The discrete operator L is an I-stable approximation to the differential operator
L if L®(w) = 0 implies that L(w/h) = 0.

This definition of I-stability requires from the discrete operator to have no global (Fourier-component)



solutions to the homogeneous discrete equations besides those that are also solutions of the corresponding
homogeneous differential equations. Most higher-than-first-order difference approximations admit some spu-
rious solutions that do not approximate the solutions of the differential equations. For I-stable difference
approximations, these spurious solutions should be local, i.e., (nearly) vanishing beyond some neighborhood
that shrinks to a zero-measure set as the mesh size h tends to zero. In boundary-value problems, the spurious
solutions of I-stable difference approximations are usually exponential functions of the grid indexes. These
functions represent the discrete boundary layers and fast decrease from the boundary toward the interior.
A wide (2h) central-differencing approximation to the convection operator (a - v/), where a is a constant
vector, represents an I-unstable approximation because the corresponding homogeneous discrete equation
admits several solutions: a constant corresponding to a physical constant solution of the differential equation
and functions oscillating with the highest normalized frequency 7 in some (or all) coordinate grid directions.
The latter functions represent global spurious discrete solutions with the unit amplitude everywhere in the
interior. These discrete solutions do not approximate solutions of the differential equation. Global spurious
solutions are not necessarily highly oscillating. Varying the Mach number parameter in the Scheme # 1 from
[12], one can easily construct examples of I-unstable approximations with smooth global spurious solutions.

The notion of I-stability is a generalization of the notion of h-ellipticity widely used in multigrid theory.
A discrete operator is h-elliptic if the corresponding discrete homogeneous equation does not admit highly
oscillatory solutions. If the target differential solutions are smooth on a given grid, I-stability implies h-
ellipticity.

For constant-coefficient operators, a difference approximation is I-stable if the number of characteristic-
polynomial roots with the unit amplitude is equal to the number of linearly independent solutions of the
homogeneous differential equation. The number of roots with amplitudes differing from one may be arbitrary.
The discrete solutions corresponding to the roots with the unit amplitude are referred as physical solutions.
The physical solutions are associated with the physical boundary conditions. The coefficients of the spurious
solutions are strongly influenced by the numerical-closure equations. All the difference approximations
analyzed in this paper are I-stable.

Let us define the boundary data as known quantities used in formulation boundary conditions, e. g.,
solution values at the boundary (Dirichlet data), solution derivatives at the boundary (Neumann data), the
source functions for the interior equations (numerical-closure data), etc.

Definition of B-stability: A discrete scheme approximating a differential problem is stable with respect to
boundary data (B-stable) if for any fixed (independent of mesh size h) perturbation of boundary data, the
sequence of discrete solutions converges as h tends to zero.

B-stability implies that the discrete scheme remains meaningful even if the boundary data are not
precisely specified. Even I-stable difference approximations with physically realistic boundary conditions
may become B-unstable. Moreover, B-stability may depend on norms in which solution convergence is
considered. Examples of discrete schemes for boundary-value problems that are B-stable in some common
integral norms but B-unstable in the Lo, norm are shown in Section 6.

This paper also represents an attempt to formalize our intuitive understanding of practical discrete
boundary conditions. Assuming that the target differential problem has a reasonable set of physical boundary
conditions and is well posed, the four requirements for practical discrete boundary conditions supplementing
an I-stable discrete approximation in the interior are formulated as following;:

(1) Location requirement: The discretization of physical boundary conditions should be specified at the

boundary.



(2) Well-posedness requirement: The obtained discrete problem should be well posed, i.e., possess a
unique solution (on a given grid) continuously dependent on the problem data.

(3) B-stability requirement: The discrete problem should be B-stable.

(4) Accuracy requirement: The accuracy of the discrete solutions should be determined by the approx-
imation order of the interior discrete equations, i.e., should not deteriorate because of boundary
conditions, either the physical or numerical-closure type.

The overspecified boundary conditions, while often leading to well-posed discrete formulations, obviously
violate the location requirement (1); what is less obvious, in some cases, they also violate the B-stability (3)
and accuracy (4) requirements. Examples are shown in Section 6.

A detailed discrete analysis is employed in this paper to evaluate several sets of boundary conditions. The
model is a one-dimensional constant-coefficient problem corresponding to the compressible Euler equations,
although the methodology applies to general systems. The interior discretizations are I-stable factorizable
schemes derived in [12]. Explicit correspondence between solutions and boundary conditions is established
through a boundary-condition-sensitivity (BCS) matrix. Analysis of coefficients of the BCSmatrix provides
reliable predictions for B-stability and accuracy of the discrete solutions. The following new findings are
reported:

(1) Examples of I-stable discrete problems contradicting a wide-spread belief that employment of a
one-order-lower approximation scheme as numerical-closure equations in an O(h)-small region does
not affect the overall accuracy order of the solution have been found and explained. Such coun-
terexamples can only be constructed for systems of differential equations. For scalar equations, the
conventional wisdom is correct.

(2) A negative effect of overspecified (although, exact) boundary conditions on accuracy and B-stability
of the solution has been observed and explained.

(3) Sets of practical boundary conditions for factorizable schemes of [12] that provide B-stable second-
order accurate solutions have been formulated. These schemes belong to a family of second-order
schemes requiring second-order accuracy for some numerical-closure boundary conditions.

The material in this paper has been organized in the following order: Section 2 formulates the model
differential constant-coefficient problem. A family of factorizable discretizations for the model problem is
outlined in Section 3. The discrete solution structure is analyzed in Section 4. Section 5 introduces and
illustrates the analysis of discrete boundary conditions. Section 6 defines and analyzes several sets of bound-
ary conditions employed for two factorizable discretizations. The results of numerical tests performed for
quasi-one-dimensional compressible subsonic flow in a convergent-divergent channel are reported in Section 7.

Section 8 contains concluding remarks as well as directions for future research.

2. Model Problem. The set of the quasi-one-dimensional nonconservative Euler equations is given by

uOgu + %azp = 0,
(2.1) pc20,u + ul,p = —ypu’=,
(v = 1Dedpu +udpe = —(y—1)eu’s,

where o(z) is the area distribution. The pressure p, internal (thermal) energy ¢, density p, and sound speed

c are related as

(2.2) p=(y—1)pe,
(2.3) ¢ =p/p,



where v is the ratio of specific heats.
The corresponding model problem
(2.4) pc? 0, ud; 0 p [ =] fol2)
(y—-1eo, 0 ad, f3(x)

assumes that the coeflicients @, p, ¢, and € are constants unrelated to the unknown functions (u,p,€). In

(e

the subsonic regime, a natural set of boundary conditions is v and e specified at the inflow boundary and p
specified at the outflow boundary. With this set of boundary conditions the problem (2.4) is well posed.
The third equation is decoupled from the other equations. Thus, for the purpose of analysis, we can

focus on the system of two constant-coefficient equations

(2.5) Lq="f,
where
_ 1
(2.6) L= " 0
pc20, U0,

q= (u,p)T, and f = (f1, fo)7 The determinant of the matrix operator L is the full-potential operator
(2.7) F = (8® — ¢?) O

3. Factorizable Discretizations. In this section, we briefly consider derivation of factorizable dis-
cretizations for the model problem (2.5). Such schemes for the three-dimensional Euler equations have been
derived in [12]; generalization to conservative schemes has been discussed in [11].

The starting point is a “basic” collocated-grid discretization, LP,.ic, for the matrix operator L of (2.6)
defined as

= 1 9c

h o Uau 56

(31) L basic — l pc2ac ﬂ@d )
where the discrete derivatives, 9%,9¢, and d¢ are second-order accurate upwind (upwind-biased), central,

and downwind (downwind-biased) difference approximations, respectively. The determinant of LPp,gc is a

discrete approximation to the full-potential operator given by
(3.2) w29 9 — ¢ (9°)°.

This discrete approximation is not I-stable for subsonic Much numbers (M = @/c < 1) and has an incorrect
(streamwise) direction of strong coupling for near-sonic Much numbers (M = 1). An I-stable discrete

approximation for the full-potential operator (2.7) would be

(3.3) Fh = (a* - %) o

xx?

where 0", is an I-stable approximation to the second derivative. A way to achieve I-stability for the discrete
full-potential factor is to replace the discretization @wd¢ with @d? 4+ A", so that the discrete full-potential

operator is transformed to a desired (I-stable) one. This transformation implies that
-1

(3.4) Al = (aa") D",

(3.5) Dh = Fh _ (a28"8d - (80)2),



where F" is a desired discretization of the full-potential operator. Assuming that F" is second-order accurate,

AP is O(h?)-small, and the overall second-order discretization accuracy is not compromised. The operator

-1

(ﬂf)“) is a nonlocal operator and its introduction can be effected through a new auxiliary variable 1" and
a new discrete equation @d%)" = D"ph. Finally, a family of factorizable I-stable discretizations for (2.6) is
formulated as

ri(qh); o= udul + 0°p} = fj,

(3.6) r2(qh); = ﬂc’)“@/};’ - th? =0,
r3(qh); = pc285u? + 1/1? + aadp;? = f7,
where g"; = (u}, ¢, p})7, f} = f1(jh), and f} = fo(jh)
4. Solutions. Let the exact solution of the differential problem (2.5) defined on the interval = € [0, 1]
be

X Cu L
(41) Qexact = Hexact = ezaz,
Pexact Cp

where « is an arbitrary frequency. Then
3 3 i 1
(4.2) fi(@) = ]il elar ]il u2C'u + "Cp ia.
f2() f2 f2 pc2Cy, + aC)

The corresponding system of discrete equations is

o 0 %36 ul fj1
(4.3) Lhq" = 0 @ov —ph o =1 o |,
pctoc 1 TToad ph ff

where j = 1,2,...,N -1, N =1/h, fj1 = f1(jh), and ij = fa(jh). A discrete representation of the exact
solution (4.1) on a grid with mesh size h is given by

h
Uexact Cu
o= h _ iwj
(44) Qexact = ¢exact - 0 e
h
Pexact CP

where w = ah is a normalized frequency. The system (4.3) is subject to physical boundary conditions
(4.5) ug = Cy, o =0, PN = C’pem.

Depending on the choice of difference operators, some numerical-closure equations may be required to com-
plete the discrete formulation. The solution to the problem (4.3), (4.5) can be sought as a combination
of a particular solution to the nonhomogeneous system of equations (4.3) and the general solution to the
corresponding homogeneous problem (3.6).

A particular solution to (4.3) can be found in the form

ugar U

noo_ R o

(46) Qpar = ngar = 1/} e,
h A
ppa,r p



ff fi
(4.7) b= () | o |,

b iz
where

ad™(\) 0 50°(\)
(4.8) Lh()\) = 0 ad*(\) —D"(\)
pc20°(\) 1 ad?(\)

is a generalized symbol of the discrete operator L® (4.3). The entries of L®()) are generalized symbols of
discrete scalar operators defined as responses of these operators on the exponent function M. For exam-
ple, the generalized symbol of the central second-order difference approximation to the first derivative is
ON = 0°(M)N, 0°(N) = 5 (A —1). Explicitly,

oL () (et a0 )
i = ety (fi = 25 (PR R )
~ pheiv —pc20° (i) Fi +ud" (%) T

w - B ()
p= —pc0° () it ud" (™) fo

]_‘h(eiw)

Recall, that D"(X) = F"(X) — (a*9"(N)0%(\) — ¢*(0°(N))?), and F"(X) is a generalized symbol of the desired
discrete full-potential operator. The choice of the exact solution (4.1) as a Fourier mode guarantees that qgar
is a second-order accurate approximation to g ... The solution (4.6), (4.9) satisfies the discrete equation
(4.3) but not the discrete boundary conditions.

The general solution of the homogeneous system of equations (3.6) is a linear combination of character-

istic solutions zy, in the form z(j) = vk)\i

h
Uhom

(4.10) qﬁom = I/}IflLom = Z CLZE = chvk)\fc,
h k k
phom

where z;, are linearly independent solutions of LPq" = 0 corresponding to the roots A; of the characteristic

equation
(4.11) det LR()\) = a9“(\)F"(\) = 0.

The general solution of the discrete equations (4.3) is

h

u i
(4.12) a"=| ¢ | =dlom tafer =D amt [ ¥ [,
p" k P

where ¢y are chosen to satisfy boundary conditions. For second-order accuracy, q}’fom must be O(h?)-small.

The discretization error function is defined as

(4.13) q" — Aact-



5. Analysis of Boundary Conditions. Well-posedness of a linear discrete problem is equivalent to
solvability and solution uniqueness of the linear system of equations obtained by substituting the general
solution, q”, into the equations corresponding to (physical and numerical-closure) boundary conditions.
The unknowns in the linear system are the coefficients c;. This condition immediately implies that the
total number of boundary-condition equations should be the same as the number of linearly independent
characteristic solutions, zj. Overspecified boundary conditions seemingly violate this condition but often
provide a well-posed discrete problem. However, as we will show later in Section 6, the set of overspecified
boundary conditions is equivalent to another set that exactly satisfies the relation between the number of
boundary conditions and the number of linearly independent characteristic solutions.

The number of linearly independent characteristic solutions (and therefore the number of free param-
eters ¢i) is defined by the length in mesh sizes (number of nodes minus 1) of the determinant operator
stencil. The stencil should be considered as a “maximal-length footprint” before any possible cancellations
occur. The stencil actually provides a more detailed information: the number of nodes left (right) of the
center indicates the total number of required (physical and numerical-closure) boundary conditions at the
left (right) boundary. Further specification, including a separate count for physical and numerical-closure
equations, can be obtained from analysis of the set of linearly independent characteristic solutions. For
I-stable discretizations, the characteristic solutions corresponding to |Ax| = 1 relate to the solutions of the
differential equations and are associated with physical boundary conditions. The characteristic solutions
corresponding to |A\i| < 1 relate to the discrete solutions decreasing exponentially fast as functions of the
distance in mesh sizes from the left boundary. These characteristic solutions are associated with (define
the number of) numerical-closure equations at the left (inflow) boundary. Analogously, the characteristic
solutions corresponding to |Ax| > 1 relate to the discrete solutions fast decreasing as functions of the distance
in mesh sizes from the right boundary and define the number of numerical-closure equations at the right
(outflow) boundary. Furthermore, analysis of the boundary-condition-sensitivity (BCS) matrix relating the
coefficients ¢, with the boundary conditions gives a precise indication of B-stability and accuracy order of
the corresponding solution. For B-stability, all the coefficients of BCSmatrix must be bounded as h tends
to zero. The accuracy order can be estimated from the amplitude of g, ..

The following example illustrates the BCSmatrix analysis in application to a particular second-order
accurate discretization of a system of two simple uncoupled equations. The BCSmatrix analysis of the dis-
crete problem reveals that for achieving second-order accuracy, some of the numerical-closure equations must
be second-order accurate. This fact contradicts a common belief that one can keep the target accuracy order
by approximating numerical-closure equations with one-order lower accuracy than the interior equations.

The target differential equations are

(5.1)



and the boundary conditions associated with (5.1) are

0)=C
(5.4) v(0) =G,
w(0) = C.
The second-order accurate discrete scheme employed for (5.1) on a uniform grid with mesh size h is defined
as
o 0 h L(ih
(5.5) 29(v)  Au v]h = 920. ) ;
h*0 0 (0 g°(5h)
where v;-’ and w;‘ (j=0,1,...,N,N = 1/h) are discrete functions representing the continuous solutions v(z)

and w(zx), and

g =3
(5.6) 9 wh z%(

Ot = (v, — vl + 608 — Aol ol ).

h _ onh Lh
v — 207 + 21)]-72),

NIiw W

h _ 9.k 1,k
wi —2wji_; + 2111]._2),

The determinant of the matrix in (5.5) is a seven-point discrete operator with the maximal-length footprint
stencil

1
4h?

centered at the underlined position. Thus, a set of boundary conditions for the discrete equations (5.5) must

(5.7) [1 -8 22 —24 9 0 0]

include four boundary conditions at the left boundary and two boundary conditions at the right boundary.

The characteristic equation for (5.5) is
(5.8) o — 855 + 2255 — 245 + 940X+ 0A? = 0.

Two zero coefficients before the highest powers of A imply that there are two infinity roots of the characteristic
polynomial. Equation (5.8) has total six roots A1 2 = 1,A\34 = %, and A5 6 = 00. A set of linearly independent

characteristic solutions z(j) = vk/\i is given by

1 0
(5.9) v1:<0>andv2:<1>

corresponding to A; > =1,

2

1
. RS 27
(510) V3 = ( 0 > and V4 = h)\i—4)\4+6—4ﬁ+ — ( lﬁh )
1 . j
J

corresponding to Az 4 = % Characteristic solutions corresponding to A5 and Ag exhibit nonzero values only

>
»M\:""

near the right boundary and are zero in the interior and at the left boundary. Two characteristic solutions

corresponding to A5 g = 00 are

0 0 0, if k#j
(5.11) z5 = and zg = , O,j = ’ 1 ? J.’
5N71,j 6N,j ]., if k= J-

The characteristic solutions, z, are normalized to satisfy max |z (j)| = O(1). Two sets of boundary condi-
i

tions for the discrete system (5.5) are tested:



Set (A):

(i) U[f)L Cy,
i) w = Cy,

(5.12)

3. h h 1, h _
JWy_1 — 2wy _5 + Ewas) =
h

3 h 1, h _
(EwN — 2wy + EU’N72) =

O
S
=
|
g
o=
N——
Il

Qo R 9 9

—~~ —~~ —~ ~—~
>
N’

—
—
<
~

= = = =

Set (B) is similar to Set (A) with condition (iii), replaced with a central second-order accurate approx-
imation
(5.13) i)y & (ug - ug) = g'(h).

The equations (i) and (ii) correspond to the physical boundary conditions, all other equations are numerical-
closure equations. The only difference between sets (A) and (B) is the approximation order of the numerical-

closure equation (iii) at j = 1. The general solution can be represented in a form similar to (4.12)

6
(5.14) ( K ) = chZk + ( ) e i,
w; k=1

where w = ah,

>

S S
S

~ . 1
b= iaCygugmmy,

C h2 8(iv) (eim )

(5.15) .
w = (10% Cw - v 8“(6i‘“) ) auéim)a

and the generalized symbols of discrete first and fourth derivatives are

au(\) =

5.16 . >
(5.16) 0N = H (& -4+ +6—-41+)?).

The exact solution (5.2) has been chosen so that the particular solution, (9,1)? ™7 of the problem (5.5) is

a second-order accurate approximation to (v,w)?. Thus, to keep second-order accuracy, the part of (5.14)

6
related to the homogeneous solution ( 5~ cgzi) must be O(h?). Since max |z (j)| = O(1),k = 1,---,6, the
k=1 j

amplitude of the homogeneous solution is determined by the coefficients ¢ = (c1,¢2,...,c6)7.

The coefficients ¢ relate to the boundary conditions through matrix B.
(5.17) Bc+d=0,

where vector d = (Jl o, ..., dNG)T is the vector of items independent of ¢; obtained from substitution of the
general solution (5.14) to a particular set of boundary conditions. For set (A),

0
0

9
-2 0

5.18 B= 8
(5.18) 0
_1_ 3
3N=-3p 2h
1 2
h

O 0o o o o ~
o o o o~ O
|
|w
|>—‘
Yo © © © © ©
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and

Cy—10
Cw—w
B gl (h) _ ﬁl—el;“” elw
(519) d=- g2(h) _ wlft;;“" elw
92(1 —h) —w %726_Wh+;e_l2w etN—-1)w
92(1) — W %72e_lwh+%e_’2“’ ei(N)w

The main indication that the chosen set of boundary conditions is legitimate is the fact that matrix B is
invertible, i.e., det B # 0, and the discrete problem (5.5), (5.12) is well posed. Thus, the well-posedness
requirement (2) to practical sets of boundary conditions (Section 1) is satisfied. From (5.17),

(5.20) c=-B7'd
Normalization of d entries facilitating the analysis of B-stability leads to
(5.21) d=Da,

where entries of the diagonal matrix D are chosen so that the boundary data appear in d with O(1)
coefficients. For many practical boundary-condition sets, the coefficients of the quantities of interest are
already O(1) in d, and therefore the vectors d and d are identical (D is the unity matrix), however, the

overspecified boundary conditions result in distinguished d and d. The BCSmatrix is defined as
(5.22) BCS=B~'D "

In general, a discrete problem is B-stable in any norm (according to Definition of B-stability in Sec-
tion 1), if all the entries of the BCSmatrix remain bounded as h tends to zero. Even with some unbounded
BCSmatrix entries (tending to infinity as h tends to zero), the problem can still be B-stable in some com-
mon integral norms, such as Ls or L;. This is the case when the unbounded entries are located in the
rows of the BCSmatrix corresponding to non-physical characteristic solutions with A\, separated from 1.
Furthermore, given the accuracy of boundary-condition approximations, the BCSmatrix predicts the size of
the coefficients ¢ and, hence, the approximation accuracy of the discrete solution. Actually, for B-stability
and accuracy predictions, one does not need to compute the exact inverse B~!; it is enough to estimate the
asymptotic behavior of the entries of the BCSmatrix as functions of h.

In our example (set (A)),

o1) 0o Ol o 0 0

0 0(1) 0(1) OMh) 0 0
(5.23) Bos— | O 0 O() Oh) o0 0o

0 0 O@1) o 0 0

0 0 ofh) 0 OHh) 0

0 0 o) 0 O() O

where o(h) is an exponentially small function of h (e.g., 0(3’%)). The discrete problem (5.5), (5.12) is
B-stable because the BCSmatrix (5.23) does not contain any entry growing as h tends to zero. The global
accuracy mainly depends on ¢; and c; because A; » = 1, and all other ), are well separated from zero. From
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v: Set (A)
—— w: Set (A)
—=— v:Set(B) &
—— w: Set (B)

10” 10° 10° 10° 10 10

L norm of the discretzation errors

0

Fi1Gg. 5.1. Discretization errors in v and w.

the first row of (5.23), the accuracy of computing the coefficient ¢; depends on the approximation of the
boundary conditions (i) and (iii). If boundary condition (i) is at least second-order accurate and boundary
condition (iii) is at least first-order accurate (that is the case in both sets (A) and (B)) then the coefficient
c1 is computed with at least second-order accuracy. Similarly, the accuracy of computing the coefficient ¢
depends on the approximation of the boundary conditions (ii), (iii), and (iv). From the second row of (5.23),
one can conclude that the accuracy order in computing cs usually cannot be better than the approximation
order for the boundary condition (iii). In set (A), the boundary condition (iii), is a first-order accurate
approximation to the first equation of (5.5). Therefore, the third element in d is O(h)-small. Generally,
when a set of boundary condition is changed, the BCSmatrix should be recomputed. However, if two
sets differ only in approximations to the same equations, the BCSmatrix remains unchanged. In set (B),
the boundary condition (iii) is a second-order accurate approximation to the first equation of (5.5), and
ds = O(h?). Thus, one can expect that, with set (A) of boundary conditions, function w is approximated
with first-order accuracy, and, with set (B), w is approximated with second-order accuracy. Function v is
approximated with second-order accuracy in any case. Figure 5.1 confirms this prediction. On the figure,
the L.,-norm of discretization errors computed for C,, = 1,C,, = 2,a = 7w on a sequence of grids with
h=2"%275 ... 2715 is shown.

6. Boundary Conditions for Factorizable Discretizations. In this section, the boundary condi-
tions for two versions of the discrete system (4.3) are considered. The versions differ in the desired form
for the discrete full-potential operator and, therefore, in the discrete representation for the operator D".
In the first version, the discrete full-potential operator employs a five-point discrete operator 9%, = 9*9?
that is a composition of second-order accurate upwind and downwind difference approximations for the first

derivative.

0L bl = g (=3p)e + 40 = B0} + 4y = $0),
C

(6.1)
th? = oz (p?+2 - 4p§?+1 + 610? - 410?,1 +p§-t2) )

The discrete operator 9%, used in the second version is a three-point central approximation as

h oh_ 1 (,h h h
6mpj = nz (pj2+1 - 210]' +pj71) )

(6.2) 2
th;p = 3u4h+2c (p?+2 — 4p;?+1 + Gp? — 4p§?_1 +p§t_2) .
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All other operators used in the versions of (4.3) are the same:

o'uf = 3 (Juf —2ul_y + gul ),
acp? = 3 (%p?+1 %p?fl)’

0t =k (302~ 20+ dul)
86“? = 3 (%“?ﬂ %“?—1) )

o'p = 5 (=30} + 20} — 5P0)

For both the versions, the determinant is a seven-point upwind-biased operator implying that boundary

conditions must contain four boundary conditions specified at the inflow boundary and two boundary con-

ditions specified at the outflow boundary. Two physical boundary conditions (4.5) are defined at the inflow

boundary, and one physical boundary condition is defined at the outflow boundary. Thus, two inflow and

one outflow numerical-closure equations are required. In examples below, the following sets of boundary

conditions are analyzed:

(A) Owerspecified boundary conditions, where values of u® |, ult, u®;, U7v+1:pli1 , pg,p?v,p?vﬂ, are specified

from the exact continuous solution (4.1), and ¢, = b = b, = 1/11'(,+1 = 0. The total number of

specified values is twelve, but it can be reduced to the following six boundary conditions:

(1) ug = Cu,

i) udvul + Loy = fu(h),
(6.4) (i) a@d"yy — D'p} =0,

(iv) a@d"y} — Dp} =0,

(v)  ptd%uly | + ok +ad'pl_, = fo(l —h),

o) ol ~ Cyete.

The equations (ii), (iii), (iv), and (v), used in the boundary-condition formulation are modified from
the interior equations because all the values with indexes —1, 0, N, N + 1 required for computation
are taken from the overspecified boundary conditions and cannot be computed (except u} and p?\,)
from the general solution representation (4.12). Note also, that for computation of (v) one should
use the value of ¥% | that, in turn, computed from a modified equation ad“y)% |, — Dhphk | =0.
Practical boundary conditions. Sets of practical boundary conditions that contain only physically

available boundary data are described. The sets differ in the way they reconstruct value u” ;.

(i) ug =Cy,
(i) of =0,
(iv)p % (uéz — 3ul + 3ull — u’il) =0,

(V) 7 (PR =30k + 3Pk _1 —Ph_) =0,

(vi) i = Cpe'®.

The conditions (ii) and (iii) imply 1% = 0. One can interpret the boundary conditions (iv), and (v)
as a second-order extrapolation from the interior for the value of u; and p%, ;. The conditions (iv)y
and (v) are numerical-closure boundary conditions because they relate outside values of functions

? and p;-’ with inner values. These two conditions are equivalent to simultaneous modification of

equations 71 (q"); = fi(h),r3(q®)o = f2(0),71(q®)x = f1(1) and r3(q®)ny_1 = fo(1 — h). (See (3.6)
for definitions of r(q");.)

u
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(C) Practical boundary conditions. This and two other tested sets of boundary conditions are similar to

set (B). The only difference is the condition (iv)y, is replaced with

(6.6) (iv)e 75 (0§ — 305 +3p} —pg) =0,

The condition (iv). may be regarded as a second-order extrapolation of the value pf! from the interior.
The interior equation r3(q®)p = f2(0) is used to compute u” ;. The condition (iv). is equivalent to
simultaneous modification of equations 71 (q®); = fi(h) and ro(q®)2 = 0.

(D) Practical boundary conditions.

(6.7) (iv)a 5% (3uf — zuy) =afi(0) - 5 f2(0),

The condition (iv)q reconstructs u”, from a second-order accurate central discrete approximation
to the equation (u? — ¢®)0,u = uf; — % f> defined at the inflow boundary. The equation is derived
by manipulating the differential equations from (2.5). This numerical-closure boundary condition is
equivalent to simultaneous modification of equations r1(q®); = f1(h) and r3(q®)o = f2(0).

(E) Practical boundary conditions.

1. h

(uh —uf) + o5 (505 — 306) = fulh),

[N

(6.8) (iv)e

==

The condition (iv), is shown to illustrate the importance of second-order accuracy in approximating
the first and the third equations in (4.3) at the inflow boundary. Simultaneously with (iv)e, the

interior second-order accurate equation r1 (q"); = f1(h) is used to recover u” ;.

6.1. Factorizable Scheme #1: 5-point Full-Potential Operator. Let 9* and 8¢ be second-order
upwind and downwind discrete operators, respectively, 9° is the second-order central discretization, and

Fh = (a? — ¢?)0"0?. The generalized symbols are

N = 7 (3-2x+33)
"N = F(—=3+2x-1N%,
(6.9) N = F(-3x+1N),
FrN) = (@ = )" (Va1 (N),
D) = ((aC(A))2 - 8“(>\)8d(>\)) = (% — 4l 16 —4)+ A?).

A particular solution of the nonhomogeneous problem is found by substitution of the generalized symbols to

(4.9). The characteristic equation,
2
(6.10) (8“0\)) al(\) =0,

has six roots Aj 23 =1, Ay 5 = %, and \g = 3.
Before presenting the general solution, let us introduce some auxiliary symbol-like functions that are

required for defining linearly independent characteristic solutions.

gu(\) = 121 -,
(6.11) PN =} i),

The six linearly independent characteristic solutions, z(j) = vi (j))\i, are given by:
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(6.12) vi=| 0 |, vo=| 0 |,andvs=| pe (——1)
0 1 —jhpt

corresponding to A\j 23 =1,

h h
vi=| —pfhd°(\) | =] 3pc?
0 0
(6.13) and
jh jh
_2 ad =
vy = pCQh (1;_28 (gc)()\s)AS) ac()\5) _]aC(AS)) — p02 (_21;_2 _ g +]%)
—hpu gz(ig’; —2hpu
corresponding to Ay 5 = %, and
h h
(6.14) ve =(Ne) N | —pchoc(XNg) | =(6) N —2pc?
_o" _
—hpi - ((;‘6)) —h2pu
corresponding to A = 3. The characteristic solutions are normalized to satisfy max |z, (j)| = O(1) for h
J

tending to zero.

For overspecified boundary conditions (set (A)),

Sult 1 0 0 0 00
—%6u'11+2ph5p0 0O0h 0 0 00
(615 d=_ —%(—45¢3+§¢’11) 2( 46ph + 6p™ 1) p_| 00 B2 0 0 0
Bl + £ op: ’ 00 0 R> 0 O
— L Suly 4 BT AT gy 00 0 0 h O
oply 00 0 0 01
6u3
—Lsul, + 21p6pg
(6.16) deDd— | ~5 (400G + 69ty + *(—40pf) + o)
—LL5yg +0251)0 ’
—%ﬁ&u% 3a> 74(: 5pN+1
5p’fv
and
om o1 o o1 o1 O
om o1 o o1 o1 O
(6.17) Bes— | e om o o o1 0 ,
O(1/h) O(/h) O(1/h) O(1/h) O(1/h)  O(1)
O(1/h) O(1/h) O(1/h) O(1/h) O(1/h) 0OQ1)
O(1/h) O(1/h) O(1/h) O(1/h) O(1/h) O(1/h)
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where 6q§-’ = (q"exact)j — (9™ par)j> (Sq;-z = (5u?, 61/1;-’,6p;-’)T. The solution of the discrete problem (4.3) with
the overspecified boundary conditions is obviously B-unstable according to Definition of B-stability given in
the introductory Section 1. Indeed, upon any fixed perturbation of the overspecified boundary conditions, the
coefficients ¢y, ¢5, and ¢g grow with h tending to zero. However, there are two factors that allow considering

this discrete scheme as satisfactory:

1) The unbounded entries of the BCSmatrix affect only the coefficients of the “non-physical” character-
istic solutions, (i.e., the characteristic solutions corresponding to Ay with amplitudes separated from
unity) and, therefore, decrease exponentially fast away from boundaries as functions of the mesh
index. So the discrete solution remains bounded in any common integral norm (e.g., Ly-norm).

2) Within the “non-physical” characteristic solutions, only the amplitude of the auxiliary function "
is unbounded because the entries of v4,vs, and vg related to physical variables, u” and p", are

O(h)-small in comparison with the entries related to ¢".

Recall that the values of 6q§? are O(h?)-small. Accordingly, if the overspecified boundary conditions
are copied precisely from the exact continuous solution (4.1), the discrete solution of (4.3) is second-order
accurate for the physical variables, u" and p”, in any norm; the L..-norm of 4" converges to zero as O(h), and
¥ is O(h?)-small in any common integral norm. We found experimentally, that with exact overspecification,
only cg behaves as O(h); coefficients ¢4 and ¢z are still O(h?). This better-than-expected behavior for ¢,
and ¢; is explained by cancellations in computation of B~'d. Upon an arbitrary O(h?) perturbation of the

overspecified data, all the three coefficients, ¢4, ¢5, and ¢g, become O(h).

Vectors d are very similar for the sets (B) through (E); the only difference is the fourth element, ds. For
set (B),

dy Cy—1u
d2 _¢

_ 5 eiw_

(6.18) a=| & | -_ TR
. = d(B) A ez2w_3ezm+3_e—zw )
4 3
d etV HDw g iNw +?L(éz'(zxf—l)u:761'(1\7—2)(»
A\ piNw

de (Cp —De

where 4,1, and p are given in (4.9) with generalized symbols defined in (6.9).

4O = peoBe43eiv 1

4 = B3 ) , '
(6.19) A =t (50 - LR(O) —at5

A = fw) - (a5t pt 5 ).

The BCSmatrices for tested practical boundary conditions fell in two categories: for sets (B) and (C),

o(1) 0 0k Om? o(h 0

0 O() O() 0> Ok 0Q)
(6.20) BCS — 0 O(1) O() Om?* oh) 0

0 0 O(h) O(? ofh) 0 ’

0 0 O() O oh 0

0 0 o) ofh) Ol 0
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FiG. 6.1. Scheme # 1: Lo norms of discretization errors in u, ¥, and p.

and for sets (D) and (E),

O1) O(h) Om2) O(h) ofh) 0
0 0@1) Ol 0@1) O O(1)
(6.21) Bos_ | 0 O ok 0w om) 0
0 0(1) OMm) O@1) ok 0
0 0(1) OMm) O@1) oh) 0
0 ofh) oh) oh) OMm) 0

All the sets of practical boundary conditions provide solutions to the discrete problem (4.3) that are
B-stable. Elements di, ds, ds, and dg are O(h?); ds is O(1); di) and d\”) are O(1); d\P is O(h?); and d\*’
is O(h). Thus, for sets (B) through (D), the computation accuracy of coefficients ¢y, is at least second order,
i.e., the Scheme # 1 is second-order accurate for all the (physical and auxiliary) variables in any norm. For
set (E), first-order accuracy in computing ¢z, ¢3, ¢4, and ¢ is expected. The impact of characteristic solutions
zo and z3 is global for all variables because jh = O(1) for j = O(N); therefore, the discretization errors in
u, " and p" are O(h) in any norm.

The results of numerical tests are shown in Figure 6.1. The tests have been performed for the non-
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dimensional constant coefficients corresponding to a Mach number M = 0.5:

-1
C = 71+72 T
—1
1+M2’7T
2

(6.22) p = o

u = cM,

where v = 1.4. The parameters of the exact continuous solution defined on the interval = € [0, 1] have been
chosen as C,, = 1,C}, = 2, and a = 7w. The L, norms of discretization errors have been measured for a
sequence of uniform grids with A = 27%,275,...,2715, The results confirm exactly the predictions made
by the BCSanalysis. An important observation is that the choice of boundary conditions strongly affects
the absolute value of the discretization errors. The gain from optimizing the set of boundary conditions
may exceed an order of magnitude in solution accuracy on a given grid. Among the practical boundary
conditions, set (C) seems to exhibit the minimum discretization errors for all the variables. For physical

variables, the discretization errors with overspecified boundary conditions (set (A)) is minimal.

6.2. Factorizable Scheme #2: 3-point Full-Potential Operator. Let % and 8¢ remain the same
as in Factorizable Scheme # 1, and F" = (7> — ¢?)9"

h . .
s, where 07 is a three-point central second-order

accurate approximation to the second derivative. The full-potential factor has formally a three-point stencil,
however, its stencil should be considered as five-point long with zero coefficients (due to cancellations) at
the outermost nodes. Therefore,

—2 2
hy = Lo (01 2
(6.23) Fr\) = e <A2+/\ 2+>\+0>\>
and
hovy — rhiyy (=20 diyy _ 2(ne 2_362+c2i 1 1 _ 2
(6.24) D\ = F'(N) (ua(x)a(x) c(8(>\)))—74 ol A e N ).

The characteristic equation
(6.25) I“NFr(N) =0

has six roots A 23 =1, A = %, A5 = 0, and Ag = oo. The same five sets of boundary conditions (sets (A)
through (E)) are analyzed for Factorizable Scheme # 2. The scheme is characterized by presence of zero
and infinite values of \j.

The solution representation as a linear combination of the functions z; = vk)\i, is relevant only for
finite, nonzero eigenvalues. For zero eigenvalue, the corresponding characteristic solutions are localized at
the inflow boundary, i.e., they exhibit nonzero values at the inflow and are zero in the interior and at the
outflow boundary. By analogy, characteristic solutions corresponding to infinite eigenvalue are localized at
the outflow boundary, i.e., they are nonzero only at some locations in the vicinity of the outflow. Infinite
values of \;, have already appeared in the example in Section 5. However, in that example, the characteristic
solutions related to infinite A, affected only one variable, w”. In general, each characteristic solution may
affect all the solution variables. In such a case, the nonzero values for primitive variables corresponding to
a localized characteristic solution are usually featured at different j-locations. The exact placements of the
nonzero entries are dictated by the three requirements:

(1) The corresponding matrix B relating the coefficients of characteristic solutions to the boundary

conditions is invertible.

18



(2) The solution values outside of the limits defined by the placements are not needed for computing
residuals of the interior equations.

(3) Multiplication of the localized characteristic solution by a constant does not change residuals in the
interior equations.

Four linearly independent characteristic solutions corresponding to finite (nonzero) eigenvalues can be

found in the usual form z;(j) = vk)\fc.

0 jh
(6.26) vi=]| 0 |,va=]| 0 |,andvs=| p (a2 — 02)

1 —jhpu
correspond to A1 23 =1, and

h h
(6.27) vi=| —hpctd’(\) | =| %pc?

0 0

corresponds to Ay = %

The placement of nonzero values of the localized characteristic solutions depends on the choice of bound-
ary condition set. For overspecified boundary conditions (Set (A)), the characteristic solution, zs, localized
at the inflow (i.e., corresponding to A5 = 0) is

. =2 2
(6.28) z5(j) = | p*F=d1
pih 61
and the characteristic solution, zg, localized at the outflow (i.e., corresponding to A\g = 00) is
h 6N71 J
(6.29) 26(j) = | —ptE oy o

2
—3puh (51\{7]'

For practical boundary conditions (sets (B) through (E)), the locations of nonzero entries are moving one

mesh size outward, i.e.,

ho_y;
(6.30) 2:(j) = | p2LHES Gy
pih o,
and
hon,;
(6.31) 26(j) = | —p¥THS o1y
—3ptth dn 41,
For overspecified boundary conditions (set (A)),
10 0 0 00 Sul
0 h 0 0 0 O ] — & Sul +_g,%h§pg
6syp=| 0 ° h* 0 0 0 Cd-- —or (409 + 9L, + S (—4dpg + 0pLy) ’
0 0 R 0 0 —ﬁwm i"h—jzapg
0 0 h 0 —L ul, — 2L sph
00 0 1 oplly
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6u3
—Th(—a5pk + op" ) + (30 + ¢2)(—46ph + 5p"y)

(6.33) d=Dd=- —Ehgph 4 (362 + ¢2)oph: ’
_%25“% - %&D?\fﬂ
ply
and
o1 0@ 0@ o)y Ok) O
o1 o@1® o) o)y Ok) O
(6.34) BCS — o1 o1 o) o1 o1  0Q) ’
O(1/h) O(1/h) O(1/h) O(1/h) O(1)  O(1)
O(1/h) O(1/h) O(1/h) O(1/h) O(1)  O(1)
O(1/h) O(1/h) O(1/h) O(1/h) O(1/h) O(1/h)

The B-stability and accuracy estimations derived from the BCSanalysis of the overspecified boundary
conditions are very similar to those obtained for Factorizable Scheme # 1:
1) The scheme is B-unstable in a strict sense, but the instability affects only auxiliary variable 1" and
only in a O(h)-small vicinity of the boundary. The scheme is B-stable in common integral norms.
2) With the exactly overspecified boundary conditions, the zone of O(h) accuracy for ¥" is two points
adjacent to the outflow boundary (% . and % ). All other solution values converge with the
second order as h tends to zero. The absence of a first-order convergence zone at the inflow is a
result of cancellations implying O(h?)-small coefficients ¢4 and cs.

3) Upon an arbitrary O(h?) perturbation of the overspecified data, the coefficients c¢; and c; become

O(h).
For practical boundary conditions, vectors d are the same as (6.18), (6.19). The BCSmatrices,
o) 0 OMh* O3 0 0
0 O() O() O(h? 0 0o(1)
(6.35) BCS — 0 O() O) O(? 0 0
0 0 O() OMmL>) 0 0 ’
0 0 O(h) O(h?) 0 0
0 0 0 0 o) 0
for sets (B) and (C), and
o) 0 O?* O(h) 0 0
0 O(1) O) O() 0 0(1)
(6.36) BCS — 0 O(1) O() O0() 0 0
0 0 On) 0@l 0 0
0o 0 Oh) o1 o 0
0 0 0 0 Ol 0

for sets (D) and (E), guarantee B-stability for discrete problem (4.3) and second-order accuracy for sets (B)
through (D). With set (E), the solutions converge with first-order rate.
Numerical tests have been performed for Scheme # 2 with the same parameters (6.22) and the same exact

solution (Cy, = 1,Cp =2, and a = 7m) as for Scheme # 1 in Section 6.1. Convergence of the discretization
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Fic. 6.2. Scheme # 2: Lo norms of discretization errors in u, ¥, and p.

errors in the Lo, norm is demonstrated in Figure 6.2. The qualitative results confirm the predictions of the

BCSanalysis and are basically the same as in case of Scheme # 1:

)
2)
3)

"

The L., norm of discretization errors in physical variables, u” and p”, is O(h?) for sets (A) through
(D) of boundary conditions and is O(h) for set (E).

The Lo, norm of discretization errors in the auxiliary variable, ¥, is O(h?) for sets (B), (C), and
(D) and is O(h) for sets (A) and (E); for set (A), ¢" is O(h?)-small in any common integral norm.
The minimum discretization errors for physical variables are achieved with the overspecified bound-
ary conditions.

Set (C) is the best among practical boundary conditions and very competitive with the overspecified

boundary conditions.

Quantitative comparisons between Schemes # 1 and # 2 reveal that the discretization errors in physical

variables, u" and p", with Scheme # 2 are about two times smaller on the same grids.

dimensional subsonic flow in a convergent-divergent channel.

7. Numerical Tests. This section reports results of numerical experiments performed for quasi-one-

The nonconservative nonlinear differential
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equations describing the problem are defined as

uOyu + —(”;1)66901) = 0,
(71) Vpazu + uazp = —7pu (zf )
(v —Dedyu+ude = —(y—1)eu

where v = 1.4 and o(xz) =1 — 0.82(1 — z) is the area distribution term. The physical boundary conditions

1
_ LSl
w(0) = M(0) [W] —  0.53452,
7.2 _ 1 i+t 1T
(7.2) r) = !|mre=] = 1.13984,
1+
€0) = 55 [HW(;)%] = 2.04082

corresponding to a flow with constant entropy and a Mach number of 0.5 at inflow and outflow, i.e., M (0) =
M(1) = 0.5; the equations are nondimensionalized by density and speed of sound at the sonic condition.

The Mach number distribution in the exact solution is shown on Figure 7.1.

Exact Solution

0.7

0.65

Mach Number

L L L L L L L L L
0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9

Fia. 7.1. The Mach number distribution in the exact solution

Discrete schemes approximating (7.1) in the interior belong to the family of factorizable schemes de-

scribed as
hau h+ )f] 8p h - 0,
’?8%/;’% ’.L = 0,
(7.3) yprocul + Qsh +ubdiph = —yphyh ‘96‘;?’
(v — l)eg?acu;? + u?(‘?“e? = —(y- l)e?u? 8;;?,
where O’;L = o(jh). The boundary conditions related to the fourth (energy) equation are the physical

boundary condition €} = ¢(0) and a numerical-closure equation corresponding to the first-order upwind

discretization 8“6? in the discrete equation defined at j = 1. Six different discrete scheme have been tested
for the other three equations:
1. Factorizable Scheme # 2 with a three-point discretization for the full-potential factor and overspec-

ified boundary conditions.
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2. Factorizable Scheme # 1 with a five-point discretization for the full-potential factor and overspecified
boundary conditions.

3. Factorizable Scheme # 2 with a three-point discretization for the full-potential factor and set (C)
of practical boundary conditions.

4. Factorizable Scheme # 1 with a five-point discretization for the full-potential factor and set (C) of
practical boundary conditions.

5. Factorizable Scheme # 2 with a three-point discretization for the full-potential factor and set (B)
of practical boundary conditions.

6. Factorizable Scheme # 1 with a five-point discretization for the full-potential factor and set (B) of
practical boundary conditions.
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Fic. 7.2. Nonlinear problem: Loo norms of discretization errors in u, p, and €.

The L, norms of discretization errors are shown on Figure 7.2. In these tests performed for the
nonlinear nonconservative Euler equations, the discretization-error history demonstrated by Scheme # 2 (3-
point approximation for the full-potential operator) with Set (C) of practical boundary conditions is superior
comparing to all other cases of practical boundary conditions and very close to the overspecified boundary
conditions (Set (A)).
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8. Conclusions and Further Research. Formulation of boundary conditions is a very important
step in design of discretization schemes. The BCSanalysis proved to be a very accurate and reliable tool
in predicting the effect discrete boundary conditions have on B-stability and accuracy of discrete solutions.
A general methodology for applying the BCSanalysis to discretized well-posed constant-coefficient problem

with a given set of boundary conditions includes the following steps:

1. Assume the exact solution of the target differential problem to be a Fourier component and compute
right-hand side and boundary data.

2. Compute the discrete determinant operator. The stencil of the determinant operator determines the
required number of boundary conditions at the inflow and outflow boundaries.

3. If the total number of boundary conditions (physical boundary conditions and numerical-closure

equations) exceeds the required number, an equivalent set of boundary conditions should be formu-

lated.

Compute the roots of the characteristic polynomial.

Find the normalized characteristic solutions.

Find particular and general solutions of the discrete problem.

NS e

Substitute the general solution into the tested set of boundary conditions and compute matrix B
and vector d.

8. Compute the BCSmatrix and vector d. To evaluate the asymptotic behavior of the BCSmatrix as
a function of mesh size h, one can invert matrices B numerically on several grids with different h

and, then, compute entry-by-entry ratios of the numerical inverses.

Practical boundary conditions considered in this paper for second-order accurate factorizable discretiza-
tions are easy to implement and result in B-stable accurate discrete solutions. The BCSanalysis and nu-
merical tests have shown that for second-order accurate solutions, some of the numerical-closure equations
must be second order. Optimization of practical boundary conditions may result in significant gains (of more
than an order of magnitude) in the accuracy of discrete solutions on a given grid. Furthermore, practical
boundary conditions may also have a positive effect on efficiency of multigrid solvers. It is expected that
implementation of practical boundary conditions together with appropriate local procedures accompanying
distributed relaxation should result in Laplace-like multigrid convergence for the Euler system of equations:

(1) TME is expected with multigrid solvers employing V-cycles rather than modifications of more ex-
pensive W- or F-cycles as in [9, 12, 18, 19, 20].

(2) Assuming very efficient solutions of convection operators (e.g., by marching), the overall conver-
gence rates per an Euler-system distributed relaxation sweep is expected to be the same as the
corresponding per-relaxation rates for the Laplace operator, e.g., 0.38 per sweep of lexicographic
Gauss-Seidel relaxation within a V(1,1) cycle in a one-dimensional subsonic Euler problem with the
second-order accurate three-point discretization for the full-potential factor. In a similar setting
with overspecified boundary conditions, TME solvers with distributed relaxation and W or F cycles
usually demonstrate convergence rates around 0.5 per relaxation.

Preliminary tests confirm the expected efficiency in solution of constant-coefficient model problems corre-
sponding to the Euler system of equations.

The BCSanalysis can be regarded as a generalization to systems of equations of the half-space discrete

analysis [7, 10] that takes both the (inflow and outflow) boundaries into account. This connection implies
that the BCSanalysis can be used far beyond the task of boundary condition evaluation, e.g., for analyzing

iterative solvers. It can be extended to multidimensional problems by considering the target discretization
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on a layer bounded by two parallel hyper-planes. Solutions in the hyper-planes parallel to the boundaries
are represented by one Fourier component in a time. In this way, the target multidimensional problem is
translated into a one-dimensional problem, where the frequencies of the Fourier component are considered

as parameters.

The applications of the BCSmatrix analysis are extended far beyond the examples reported in this paper.
It is a very instrumental in gaining insights about global effects some local conditions may have on solutions.
The BCSmatrix analysis plays a central role in adjusting the interior boundary conditions for the local
procedures supplementing distributed relaxation. The main requirements for these boundary conditions is to
prevent the local procedure from error magnifications because of the erroneous data unavoidable introduced
at the interior boundary. The relative simplicity and effectiveness of the BCSanalysis promise many further
important applications.
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